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The dual of Steenrod algebras

Actions and co-actions

Let A be a generalised cohomomoly theory, represented by a spectrum which we
also denote by A.

By Yoneda's lemma, the set of self natural transformations on A is the self-maps
[A, Al on A which is also the A-cohomology A*(A) of the spectrum A.

For example, when A = H is the mod p ordinary cohomology, we get the Steenrod
algebra H*H.

Dually, we have the dual co-action of A,A on the A-homology, provided A is a

ring spectrum and A, A is flat over A,: for any spectrum X, we have the co-action

idA\unid idAmAid

AX = m (ANX) L (ANANX) ST A A @8, A(X)
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The dual of Steenrod algebras

Structure of the ring of co-operations

Let A be an E,-ring spectrum, with unit v: S — A and product m: AN A — A.

Then we can construct the following maps involving 7,.A = A, and
m(ANA) = AA:

product: T.(AA A) ® T (AN A) = T (AN AN AN A) LAhelentd,

T (ANANANA) 22T 1 (AN A).
idAu

left unit: m,A —— m.(AA A).
right unit: . A 29 7 (A A A).

co-product: (A A A) Ldhunid, T(ANANA).
co-unit: T (AAA) D 1A

conjugation: (A A A) Shuffle, (AN A).

If 7.(A A A) is flat over 7, A, then the following map is an isomorphism:

T (AN A) @r AT (ANA) = T (ANANANA) LT 2 (ANAN A)
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The dual of Steenrod algebras

Hopf algebroids

We assume 7, (A A A) is flat over m, A from now on. Then (A,, A.A) forms a

Hopf algebroid, i.e. a groupoid object in the category of affine schemes.

Spec(A.A)

left unit right unit
source target

Spec(Ay) Spec(Ay)
Spec(A.)

Spec(A,A) Spec(A.A)
co-product

Spec(A. A
Spec(Ay) pecA-A)

Spec(Ax)
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The dual of Steenrod algebras

The pairing of the Steenrod algebra with its dual

We can determine the formula for the pairing between the Steenrod algebra,
which is the cohomology of H, and its dual, the homology of H.
Consider the map

s (ZOTTRP)N — HN — H
Which sends the class e); ® -+ ® ey, to &, ... &, .
Recall that < s*(x),y >=< x,s.(y) > for any x € H,((£>°~RP>°)"") and
y € H*(H).

So we get
< Sqi((ef)g)k)a € ®: Q@ e2fk) >=< Sqivgh s gl'k >

and the Cartan formula implies that

H n [
i n " 1, if&t. =6
< 5¢,&¢ ..l >= _
, otherwise
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The dual of Steenrod algebras

Action of the Steenrod algebra

The dual action of the Steenrod algebra can be determined by the co-product.

Recall that the action of the Steenrod algebra are determined by the formula

Sqix =< Sq' @ 1,9(x) >

k
¢, ifr=2k-1
Sq.Gi =

0, otherwise
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The dual of Steenrod algebras

Odd primary case

For an odd prime p, we have
H*HEFP[fl,EQ,...]®E[T0,T1,...]

WE) =Y ¢ ok
Y(m) =11+ fo’ik ® Tk

Guozhen Wang (Shanghai Center for Mathematical Sc Dyer-Lashof Operations March 30, 2018

8/23



Power operations

Power operations

Let A and E be E.,-ring spectra. Then AA E is also E, and in particular we
have the structure maps

tn:Do(ANE) = ANE

where D,(X) = X" Ay, EX,, is the extended power.

Let x : S™ — A A E be an element of A,,E. We can construct the following map:

%1 AN D,S™ AP AN DANE) R ANANE TN ANE

For any e € Ax(D,S™), we can define the power operation ©¢ : Ah,E — A(E by
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The Dyer-Lashof algebra

The Dyer-Lashof operations

We consider the case when A = H is the Eilenberg-MacLane spectrum.
Recall that D,S5™ is homotopy equivalent to X"RP?.
Let e, € H,12m(D2S™) be the generator in degree r + 2m.

Define the Dyer-Lashof operations Q", r € Z to be
Q'(x) = ©%—mx

for x in degree m.

From the definition, we have
@ Q'(x)=0forr<m.

e QM(x) = x2.
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Q)= Y (@X)(QY)

i+j=r

If r > 2s then

QrQs — Z (’ ;,s__r 1) Qr+s—iQi

1

r—2i

SqrQs = Z (2 +s5-— r) Q"tiSq

i

for any large enough n.




The Dyer-Lashof algebra

Dyer-Lashof operations on the dual Steenrod algebra

Let £ =t + &2 + &t + -+ &t + -

(Steinberg)
ot HL+Y,Qa=¢
° Q¥ 2% =

@ For s > 0, we have

Qs+2i*2§1, ifs=0or —1 mod 2/
QG =

0, otherwise

° Q¥¢ = Cit1-
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The Dyer-Lashof algebra

The action of the Dyer-Lashof algebra on the dual Steenrod algebra can be shown
using the Nishida relations.

We recall the following proposition:

The following are equivalent for x,y € A, with |x| = |y| > 0:

o x=y.
@ Forany Pe A", < P,x >=< P,y >.

e For any admissible | = (i1, iz, ...) with |/| = |x|, Sqlx = Sqly.
@ Forany Pe A", P.x = P.y.

e Forany k >0, S¢2'x = Sq2'y.
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The Dyer-Lashof algebra

Computation of Q2'¢;

By the Nishida relation, we have

SqLQ¥ ¢ = QG =2

and for k > 0,
k i
ok ~oi 24+ 2 2i _ok
5%o¢=<2, @ 2¢=0
On the other hand,
2 —
ok Ci ’ k=0
Sq* Ci+1 = i
0, otherwise
Hence
of
QG = Giy1
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The Dyer-Lashof algebra

Proof of Nishida relations

The Nishida relation follows from the following computation of Steenrod
operations on extended powers:
Let X be a spectrum. Denote e, € H,(BX;) be the generator. Then

Q H.(X"?As, EXy,) = Ho (X2, H*(X)).

@ If x € Hy(X), then Sqr(es @ x%) = 3, (195 ) es— 121 @ Sqi(x)2.

To prove the Nishida relation, recall that Q*(x) = p.(estq ® x?).
Hence Sq.Q°(x) = 3=, ([25;) @' Sqi(x).
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The Dyer-Lashof algebra

Steenrod operations on extended powers

Let X be a suspension spectrum.

We can consider the diagonal map
d:XABZy — X" As, EX,,

From the definition of Steenrod powers, we can show that
d*(er ® X) = Z €r42k—s @ (SCIfX)z
k

So we get
e s@x*=d.(e, ®x) + Z €riok—s® (Sqffx)2
k>0
The action of the Steenrod algebra on H,(X"\? Ay, E¥5,) can be computed

inductively using the Cartan formula and Adem relations.
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The Dyer-Lashof algebra

When X is a finite CW spectrum, we use the fact
X" Ag, EXo, 2 T7HEX)" Ag, Th(—7)

where Th(—7) is the Thom spectrum of the negative tautological bundle.
Then we can reduce to the case of suspension spectrum by considering £*X for

some k and use James periodicity:

Th(~"|sm) is Xo-equivalently homotopy equivalent to 2 Th(7"+2k|5m) for some J

large enough k depending on m.
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The Dyer-Lashof algebra

Another formulation of the co-action

We introduced the co-action as the map:

idAunid s (IdNIdAU) Q75 (uNid Nid

Y m(ANA) —— T (ANANA)

L 7 (AN A) @roa (AN A)

o~

where in the rightmost, the left 7. (A A A) is viewed as a m.A-module via the right unit

and the right m.(A A A) is viewed as a m.A-module via the left unit.

There is another formulation of the co-action:

’(/)" - (A/\A) uAshuffle = (A/\A/\A) 7« (IdNIdAU) Q74 (id AuNid)

Te(ANA) Qr, a (AN A)

o~

where in the rightmost, both 7. (A A A) are viewed as a m.A-module via the left unit.

This is the usual identification using the universal coeficent formula.

The two co-actions are related as

W = switcho (x ® id) o
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The Dyer-Lashof algebra

Power operations and co-actions

Let B be another E-ring spectrum. Then power operations for A and B are
related the the following way:

id ADpx idA
A A DpS™ A A Dp(A N E) ANANE

lid/\u/\id lidAuADn(umw idAunid
id ADp(uAx)

idApn id AmAid
AABADRS" — > AABADR(BAAANE) ———>= AABABAAANE ———> AABAAANE

In particular, when A = B, we have the following formula:

D(O°(x)) = D_(1® x(6:))©%(d(x))

i

where ¢(e) =3.0; ® e;.
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The Dyer-Lashof algebra

The coaction formula for the Steenrod squares

We can apply the general coaction formula for the case A = H, which is the dual
version of the Nishida relations.

Coaction on the homology of RP>°

Let & =t+ &2+ &th+ -+ G2 4+
For e, € H,(RP) the generator, we have

o t(en) =) @ e

Hence we have:

Let C=t+ G2+ Gt + -+ Get? +---.

D)= QXWX (1 ® ()

k
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The Dyer-Lashof algebra

Odd primary Dyer-Lashof algebra

For an odd prime p, we have the Dyer-Lashof operators Q' and S Q'.

Adem relations

If r > ps,
(p-1)(i—s)—1 i
ros — _1r+l (p r+s—i i
Q'@ Z( ) ( o )o Q
If r > ps,
((p—1)(i—s) A
r s _ -1 r+i (P r+s—i i
Q8Q 2;( ) ( oy )BQTTQ
(p—1)(i—s)—1 o
_1 r+1 (p r+s—i 1
+2l_j( ) ( oo )o 5Q
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The Dyer-Lashof algebra

Odd primary Nishida relation

ras _ 1\ pn+(p_1)(5_r)) s—r+i pi
PIQ* = ) (-1) < i QP

i

P;ﬁQs: Z (p"—i—(p—l)(s'—r)— ]')BQs—r—HPi

r— pi

_Z( r—p)/(i_lr) )Qs—r+iPi6

for any large enough n.
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The Dyer-Lashof algebra
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